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Abstract. In this paper, we consider the asymptotic behavior of the nonlocal parabolic 
problem 

Xf{u) 

ut = Au+ , , X eil, t>0, 

{j^J{u)dx) 

with homogeneous Dirichlet boundary condition, where A > 0, p > 0, / is nonincreasing. 
It is found that: (a) For < p < 1, u{x,t) is globally bounded and the unique stationary 
solution is globally asymptotically stable for any A > 0; (b) For 1 < p < 2, u{x,t) is globally 
bounded for any A > 0; (c) For p = 2, if < A < 2|9r2p, then u{x, t) is globally bounded, if 
A = 2|9f2p, there is no stationary solution and u{x,t) is a global solution and u{x,t) oo 
as i oo for all x E il, ii X > 2|9r2p, there is no stationary solution and u{x,t) blows up 
in finite time for all x E il; (d) For p > 2, there exists a A* > such that for A > A*, or 
for < A < A* and uo{x) sufficiently large, u{x,t) blows up in finite time. Moreover, some 
formal asymptotic estimates for the behavior of t) as it blows up are obtained for p > 2. 



1. Introduction 

In this paper, we study the asymptotic behavior of the following nonlocal parabolic prob- 
lem 

u{x,t) = 0, X edn, t>0, 



'1 
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0) = Uq{x)^ X G f2, 

where A > and u{x, t) = u{x, t, A) stands for the dimensionless temperature of a conductor 
when an electric current flows through it [5], [71 (TU]. f2 is a bounded domain of i?" with 
boundary. The nonlinear function f{s) satisfies the condition 

POO 

f{s) > 0, fis) <0, s>0, / fis)ds < oo, (1.2) 

Jo 

and represents, depending on the problem, either the electrical conductivity or the electrical 
resistance of the conductor. Condition (11.21) permits us to use comparison methods, see 
[H [HI m [To]. Also for simphcity, we assume uo{x) is continuous with uo{x) = 0, x G dfl and 
uo{x) > 0,x G fi. Without loss of generality, we may assume that f{s)ds = 1. 

A similar study had been undertaken in [Tj, [H [TOj, [5l [6] for the nonlocal reaction-diffusion 
problem (11.11) for p = 2. Lacey [71 [8] and Tzanetis [TUI proved the occurrence of blow-up 
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for the one-dimensional problem and for the two-dimensional radially symmetric problem, 
respectively. First they estimated the supremum A* of the spectrum of the related steady- 
state problem and then they proved the blow-up, for A > A*, by constructing some blowing- 
up lower solutions. Using some ideas of Bebernes and Lacey p[|, Kavallaris and Tzanetis [6j 
generalized the blow-up results for A > A* and dimensions n > 2 if -Uq is sufficiently large 
and f{s) satisfies 

POO 

/ [sfis)-s'f'is)]ds<oo. (1.3) 

Kavallaris and Lacey [5] showed that the solution u*{x,t) = u{x,t, A*) is global in time and 
diverges in the sense || u*{-,t) \ \oo—>' oo as t ^ oo when n = 1,Q = (—1, 1) and f{s) satisfies 
fll.2p or n = 2,Q = {{x,y) ^ : x"^ + y'^ < 1} and f{s) = e~^. Moreover, it is proved that 
this divergence is global, i.e. u*{x,t) — >■ oo as t — > oo for all x E fl. 

Throughout this paper, we always assume that the domain fl satisfies the following con- 
dition: 

(H) Q G -R" is a convex smooth bounded domain; for any point yo G dQ, there exists a 
hyperplane Sy^^ such that Sy^ is tangent to fl at yo {{yo} = Sy^ fl dfl). 

The main purpose of this paper is to generalize and improve the results for dimensions 
n > 2 and p > obtained in [71 [HI [TOl [5l [6] . Our main results read as follows. 

• If < p < 1, then u{x,t) is globally bounded and there exists a unique stationary 
solution which is globally asymptotically stable for any A > 0. 

• If 1 < p < 2, then u{x, t) is globally bounded for any A > 0. 

• Assume p = 2, let A* = 2\dfl\'^. If < A < A*, u{x,t) is globally bounded. If 
A = A*, there is no stationary solution and u*{x,t) is a global- in-time solution and 
u*{x,t) —>■ oo as t ^ oo ioT all X E Q. If A > A*, there is no stationary solution and 
u{x,t) blows up globally in finite time T but the condition (11.31) and uq sufficiently 
large are not required. 

• If p > 2, then there exists a critical value A* such that for A > A* or for any < A < A* 
and uo{x) sufficiently large, u{x,t) blows up globally in finite time T. 

• We also obtain some formal asymptotic estimates for the local behavior of u{x,t) as 
it blows up for p > 2. 

This paper is organized as follows. In Section 2 we consider the steady-state problem 
corresponding to (11.11) . In Section 3, we investigate the behavior of some critical solutions 
of the equation (11.11) for p = 2. Section 4 is devoted to some formal asymptotic estimates 
for the local behavior of u{x, t) as it blows up in finite time for p > 2. 

2. Steady-state problem 

The steady states of the problem (II. ip play an important role in the description of the 
asymptotic behavior of the solutions of (ll.ip and the construction of the lower and upper 
solutions, so we first consider the stationary problem of (II. ip . The stationary problem 
corresponding to (II. ip is 

+ ^■^'^^^ =0, xeQ] w = 0, xedVt. (2.1) 
[\^f{w)dx) 

In order to study the nonlocal problem (12. ip . let us first consider the following local 
problem: 

Aw + /i/(u;) = 0, xeVt] w; = 0, x e dVt, (2.2) 
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where n > and f{s) satisfies (11. 2p . It is well-known that the basic theory of monotone 
schemes can be carried out for the problem (12. 2p . Therefore, there exists a solution in 
H^{Q). Moreover, the straightforward argument, based on the coercivity of —A with Dirich- 
let boundary condition, implies that (12.21) has a unique positive solution in Hq{Q). The 
above arguments are classical and known in the literature [1]. 

In order to establish a relationship between the local problem (12. 2p and the nonlocal 
problem (12.11) . we define a real function A(/i) by 

A(/x)=/x( / f{w^)dxy, (2.3) 



for any fi > 0. This function is well defined due to the positive character of w^. From the 
analyticity of the solutions on fj,, we deduce that the function A(/i) is analytical on /i. 
It is easy to see the relation between the solutions of problem (12.20 and the problem (12. ip . 

Theorem 2.1. Ifw is a solution of problem Ii2.1\) for A = Aq, then w is a solution of problem 
h2. S\) for = Ao/(/f^ f{w)dxY- Conversely, if w is a solution of problem ^2.2\) for n = hq, 
then w is a solution of problem \2. 1\) for A = A(/Uo). 

Theorem 12.11 allows us to study problem (12. ip by analyzing the behavior of the function 
A(/x). This is the key idea to solve problem (12.11) . Now we give some qualitative properties 
of the profile of the bifurcation diagram of the local problem 



Lemma 2.2. Let be the solution of i\2.2^) . then 

(1) dw^/dfx >0 forx en. 

(2) lim^_^oo'W^{x)/^^{x) — > oo, uniformly in Q, where $^(a;) is the first normalized 
eigenfunction of —A in Hq{Q). 

The proof follows the same line as in [2], so we omit it. 

Now we are going to prove that the solution of (12.11) is unique for any < p < 1. 

Theorem 2.3. For any < p < 1, there exists a unique solution of the problem Ii2. 1\) for 
any A > 0. 

Proof. Let us prove that A(/i) is strictly increasing. Integrating the equation (12. 2p over Q, 
we have 

f dw 1 p-i 

/ T^ttS + Affl P =0, 

where d/du is the outward normal derivative, which implies 

A(/i) = /ii-^(- / ^dsY. (2.4) 
J an 

By 0<j9< 1, ?/;^ = 0on dVt and Lemma 12.21 we get 

A'(/i) > for /i > and lim A(yu) = oo. 

The proof is completed. □ 

The following results give us a way to construct sub-solution of in order to estimate 
from above the function A(yu). 

Lemma 2.4. Let Vl' (ZVL. Then w^' < on il' for any fi > 0. 
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We omit the proof. 

We need a lemma concerning the solution to the problem on a ball 

Aw + fif{w) = 0, xeB; w = 0, xedB. (2.5) 

Lemma 2.5. (See [10] Lemma 5.1]) Let f{s) satisfy U.^) . f{s)ds = 1 and is a 
solution of l{2.5\) . then we have 



where B = {x & i?" :| a; — |< R}, r =\ x — Xq \. 

Theorem 2.6. Let f{s) satisfy ( (i.^) . Jg°° f{s)ds = 1, and Q is a bounded domain satisfying 
(H). Then the following assertions hold. 

(1) For 1 < p < 2, there exists at least one solution of the problem Ii2.1\) for any value 
A > 0. 

(2) For p = 2, let A* = 2|(9f2p, then there exists at least one solution of the problem Ii2.1\) 
for < A < A* and no solution for A > A*. Moreover, A(/i) < 2|9np for fi > and 
lim^^ooA(/i) =2|9^]|2. 

(3) For p > 2, there exists a critical value A* > such that there exist at least two 
solutions of the problem h2.1\) for < A < A*, at least one solution for A = A* and 
no solution for A > A*. Moreover, lim^_^oo A(/i) = 0. 

Proof. Let G dVt. Without loss of generality we assume that = and the hyperplane 
{x G R" : Xi = 0} is tangent to Vt at y^. By (H), there exist two balls i^i, ^2(^1 C i7 C ^^2) 
which are tangent to Vt at |/o, where f2j = {x G -R" : \x — yi\ < Ri, yi = {Li, 0')}. Lemma [2^ 
implies that > w^^ on fli and w^^ > on Q. Applying Lemma [2.51 we conclude that 

r- 1 dw^^iO) 1 dw^) 1 dw^'iO) 

y/Ji dxi y/Ji dxi ^JJi dx\ 



and 

^/2 = - lim , _ , _ 

/i^oo ^JJl dX\ Ai^oo dX\ M^oo dX\ 



= - lim ^— - > - lim ^ > - lim ^— - = v^, 



which imply 



<\f2 and - lim f-- = ^2. 



Since j/o is arbitrary, it follows that 

1 r dw^ r- If dw^ r- 

/ —^ds<\f2\d^\ for /i > and - lim / —^ds = \f2\d^\. 

\//^ J da ^ Jan du 

By (12^ . we obtain 

(i) If < p < 2, then lim^_^oo A(/i) = 00. 

(ii) If p = 2, then A(/i) < 2\dQ\'^ for > and lim^^oo A(/i) = 2|9n|2. 

(iii) If p > 2, then lim^_^oo A(/i) = 0. 

The proof is completed. □ 

Let fi in (12. 2p be a function of t. Now we give some conditions of fi{t) in order for w{x] fi{t)) 
to be a lower or an upper solution of (II. ip . We first give a lemma. 
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Lemma 2.7. w{x; fi) is the solution of \2.2\) . then > in Q and is bounded. 
Proof, satisfies 

^Wij, + ljf'{w)Wf, + f{w) = 0, X e fi, 
w^{x) = 0, X G dVt. 

Since f'{s) < 0, the coefficient of in this equation is negative. By the maximum principle 
we obtain > 0. Also is finite, indeed for a fixed /x, any sufficiently large constant is 
an upper solution, < < C. □ 

Using Lemma [2 .Tt 

i.f/W>o. 

since f{w) is bounded and away from zero. Denote v{x,t) = w{x; fi{t)), then 

Xf{v) (A-A(ri)/W 

Let fi{t) be the solution of 

If there exists /Iq such that 

A < A(;Uo) and w{x; fio) > wo(x), 
then t>(x, t) is decreasing and satisfies 

So t) is a decreasing upper solution of (11.11) . 
If there exists /iq such that 

^ > A(yUo) and w{x] fio) < Uo{x), 

then v{x,t) is increasing and satisfies 

'■'-^'■-(iJiLf^°- 

So t) is an increasing lower solution of fll.ll) . 

The above preparations in hand, we can discuss the behavior of the solution of (11. ip . 

Theorem 2.8. Assume < p < 1, then the solution of is globally bounded and the 
unique steady state is globally asymptotically stable for any A > 0. 

Proof. From Theorem 12. 3[ for fixed A, there is a unique steady state w{x; ni) of (12. ip with 
A = A(/ii). Take flit) satisfying (12. 7p with /i(0) = /Ig. For any initial data Uq{x) > 0, we can 
select Jlq to satisfy w{x;JIq) > Uo{x). This can clearly be done if we require that Uo{x) and 
Uq{x) are bounded(see[H]). We also choose /Iq > /ii. Since X'{fi) > 0, we have 

A < A(/7o) and w{x]]Iq) > uo{x), 



6 LIU, LIANG, AND LI 

thus 7J(t) is decreasing and Jlit) — > /ii as t — oo. So v{x,t) = w{x;Jl{t)) is a decreasing 
upper solution of the problem and 

t) — s> yUi), as t — > +00. 

On the other hand, take satisfying (12. 7p with yu(0) = n^. Since 

A(//) — i> 0, as /i ^ 0, 

we can select /x^ sufficiently small such that 

A > A(/i^) and w{x; fi^) < Uo{x), 

thus /i(t) is increasing and — > /ii as t 00. So = w{x;fi{t)) is an increasing 

lower solution of the problem and 

v{x,t) ^ w{x; fii), as t — » +00. 

Since w < u{x,t) < v and both v and U tend to w{x] /ii) as t 00, we see that u{x,t) 
exists globally and u{x,t) — > w{x] /ii) as t ^ 00. The above procedure holds for any initial 
data uo{x), from which it follows that the solution w{x; /ii) is globally asymptotically stable. 
The proof is completed. □ 

Theorem 2.9. If 1 < p < 2 and f{s)ds = 1, then u{x,t) is globally bounded for any 
A > 0. 

Proof. For the global boundedness of u{x, t), it suffices to construct an upper solution which 
is globally bounded. Select /iq so large that 

A < A(yUo) and w{x] fio) > Uq{x), 

then the solution of (12. 7p . is decreasing and therefore w[x; /i(t)) is a globally bounded 
upper solution. □ 

For p = 2, we have the similar result. 

Theorem 2.10. If p = 2, J^^ f{s)ds = 1 and < A < 2|9fip, then u{x,t) is globally 
bounded for any initial data. 

3. Behavior of solutions of problem ( 11.11) for p = 2 

In this Section, we study the behavior of solutions of the following nonlocal parabolic 
problem: 

= Am H ^ ' ^ \ , X eQ, t>0, 

( In fiu)dx) 

u{x,t) =0, xedn, t>0, ^ ' ' 

^u{x,0) = Uo{x), X E fl, 

where / satisfies (11. 2p and f{s)ds = 1. By Theorem 12.61 it follows that A(/x) < 2|9f2p 
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for all /i > 0, then we can find an increasing lower solution v = w{x] nit)) with — >• 00 as 
t — i> T < 00. Thus u{x,t) is unbounded. Moreover, u{x,t) is globally unbounded. Indeed, 
if T = 00, from Lemma [2l2| u{x,t) is globally unbounded; if T < 00, u{x,t) is globally 
blow-up(see the proof of Theorem 14. II for details). 

Now we will prove that ||M(-,t)||oo — > 00 as t — > 00, i.e. T = 00. It is sufficient to construct 
an upper solution V{x, t) to problem (13. ip which is global in time and unbounded. Without 
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loss of generality, we assume that the hyperplane {x : Xi = 1} is tangent to Q at (1, 0'), and 
Q lies in the half-space {x : Xi < 1}. Let d{x) = dist(x, Set 

'V{x,t) =w{y{x,ty,fi{t)), 0<d{x)<6{t), xeQ,t>0 
V{x,t) = M{t) = maxo<d(x)<£(t)Uj{y{x,t);ij,{t)), d{x) > e{t), xe^l,t>0, 

where < y{x,t) =d{x)/e(t) < l,e(t) > is a function to be chosen later and w(y(a;, t); 
satisfies 

Wyy + fi{t)f{w) = 0, 0<2/<l, t>0; w{0;^{t)) = w'{l;ij{t)) = 0, (3.3) 
or equivalently 

Wrr + ^f{w) = 0, r = d{x), 0<r <e{t), t>0; w{0) = ^\r=sit) = 0, (3.4) 



and 



Ad dw u . s 



which implies 



+ ^jHy{x„ 0'); m) = 0, S{t) < < 1, t > 0; 
w(y(l,0);/i(t)) = 0, ^ — ^ = 0, 



(3.6) 



where e{t) = 1 — 5{t). 

From the definition of w, it is obvious that w, Wr are continuous at r = e{t). We can 
choose /i(0)(or equivalently M(0)) sufficiently large so that V{x,0) > Mo(x)(such a choice is 
possible since w — > cxd as /i — > cxd and provided that uo{x),u'q{x) are bounded). 

For any e > 0, set fig = {x G : < d{x) < s{t)}. To prove that V{x,t) is an upper 
solution, we need some preliminary results. 

Problem (13.41) and (13.61) imply that 



2/i 



wr{0) = I f{s)ds, (3.7) 

and 



AI 







e^dw{yil,0'y,fiit)) 



-1 ^2^_ y^.,^ 

f {w{y{x 1,0'); fi{t)))dxi = ^""^ ' ^"^^ ■ (3 

IS{t) "-^1 

From (13. 4p . we get 

Wr a/2/I 



v/F(m;) - F{M) e 
where F[s) = f{a)da > 0. Relation (13. 9p gives 



(3,9) 
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For s < M, we have F{s)-F{M) = f{e){M-s), 6 e [s, M] and due to f\s) < for s > 0, 
we get 

(M - s)/(M) < F{s) - F{M) <{M- s)f{s). (3.11) 

Then 



/9 / 9 A/f 

a/MM)<^/ (M-s)-^/-5(M)cis < ' 



and hence 
However, 



n{M)f{M) < 2M for M > 0. (3.12) 



Mf{M) < 2 / f{s)ds < 2 / /(s)c/s and / f{s)ds ^0 as M ^ oo, 

J M/2 Jm/2 

SO M/(M) as M cx) and due to fl3J2D we finally get 

^Jn{M)f{M) ^0 as M oo. (3.13) 
Next we claim that lim^_,oo y/^^l/M = oo. Indeed, by (11. 2p and (I3.10p . we obtain 



{Msf{Ms))2 



M - M 

Taking into account sf{s) ^ as s ^ cxo, we deduce that lim^^oo v^2/x/^ = cxd, i.e. 

lim M/J2li = 0. (3.14) 

As is indicated in [1], c?(x) is smooth and more precisely |A(i| < for some in 
a neighborhood of the boundary if dVt is smooth. In particular, such a neighborhood Vt^ 
consists of all X G i7 such that d{x, dVt) < e{t) where e{t) is chosen small enough. 

Integrating (13.51) over fl^ we obtain 

-2 



f E f dw E f dw 

/ f{w)dx = / -7—ds H — / Ad—dx 

J a, ^ J an ov /i Jn, dy 

-Wr{0) + - / Ad—dx 



/i 

E\dn\.[^i r f(s)ds + - [ Ad'^dx 
y f^V Jo f^Jn, dy 



lor., /2" / /"^^ , , eK f dw , . dw 



Jo Js{t) dxi 



E\dn\^-Jj f{s)ds-E^\dn\K—, 
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which imphes 



f{V)dx= / f{M)dx+ / f{w)dx 



> \n\ne\f{M) + €\dn\^Jj^ f{s)ds-€^\dn\K^. 



(3.15) 



Our construction of upper solution V depends strongly on the behavior of the function 



9{s) = ^(^) > 0. 

Since f l3.13p holds and F{M) ^ as M — » oo, we distinguish two cases for the behavior of 
g{M). More precisely the following holds: 

Theorem 3.1. Let f{s) satisfy U.^) . f{s)ds = 1, liminfs^oo fl'(s) > C > and 
lim,^oo/i(s)/(s) = Co > (e.g. f{s) = e~') or liminf.^oo /i(s)/(s)/s = Ci > (Ci < 2, 
e.g. f{s) = 6(1 + s)^^^^, b > 0). Q is a bounded domain satisfying (H). Then the function 
V{x,t) is an upper solution to problem liS. 1\) and exists for allt > 0. 

In order to prove Theorem 13. H we first derive a number of preliminary facts on d{x). 

Lemma 3.2. Assume xq = (xio, 0:20, ■ ■ ■ , Xno), f2i = {x G i?" : |x — xo| < Ri}, i = 1,2 and 
Ri> R2. Let d{x) = dist{x,dQi), X & Qi\Q2- Then Ad{x) = {1 — n) / {\x — Xo\) . 

Lemma 3.3. Q is a bounded domain satisfying (H). Then there exists e > such that 
Ad<Oforxe 

Proof. Here we only consider the case of n = 2. As for n = 1 or n > 3, the proof is 
completely similar. Divided dQ into m parts and taking m large enough such that the 
largest arc is sufficiently small. Let Ai,A2,--- ,Am be the division points. For any arc 
AiA+i(l < < ""^ — 1), choosing C G AiAi_^_i such that \AiC\ = \CAi+i\. By the definition 
of Q, there exists a circle f2i = {x G i?^ : |x — Xo| < -Ri} such that C Qi) is tangent to 

Q at the point C. Taking A'-, A'-^-^ G dfli such that the segments A'-xq, A\_^_^xo intersect dQ at 

Ai,Ai^i, respectively. Since AiAij^i is sufficiently small, we have AiAi_^_i ~ A[A\_^_^. From 
Lemma [3.21 there exists a constant e-r-i. > such that 



Adix) < — 3^ — - < 0, X G (x G f2 : dix, AiAi+i) < e 

2 X — Xn l 



2|x — Xol 

Set e = min{5;Q^^^,e;Q^^,i = 1,2,-- - ,m-l}. Then 

Ad{x) < 0, X G fie = {x G : d{x, dQ) < e}. 
The proof is completed. □ 

Now we give the proof of Theorem 13. 1[ 
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Proof. Casel: We assume /(s) to be that liminfs^oo > C > and liiiis^oo 
Co > 0. Then taking into account the relation (13.150 . for d{x) > e{t), we get 

2\dn\'f{v) 



J^{V) = Vt-AV 
> M{t) 



2\dQ\'f{M) 



> M{t) 



{\n \ nMM) + e\dn\^^^j^'' fis)ds - s^\dn\Kfy 

KM)fiM) 

^2f \n\n,\^f{M) f-M _ KeM \2 

^ ^ V2e\dn\ ^ Jo jy^)"'^ ^ ) 
KM)fiM) 



> Mit) — — for eit) < 1. 

^ ^ 2^e\dn\ ^ Jo jy^)"'^ 

Choosing = {Co\n\)/{8K\dn\) and e{t) = {Ki/Mfl^, we have < e{M) < 1 for M > 1. 
Moreover, from (lAj) . ^7\M and hmM^oo /w(M)/(M) = Cq, we obtain 

M^f{M) KeM 
+ / f{s)ds- 



2V2e\dn\ Jo 



2V2e\dn\ Jo Coe 



Ay/2e\dVl\ 

Since 



+ / f{s)ds for M > 1. 
Jo 



n\^f{M) _ M^fiM) > forM»l 



AV2e\dn\F{M) 4V2e\dn\{l - fis)ds) ~ 4V2e\dn\ 
which imphes 

AV2e\dn\ 

Taking M{t) to satisfy 



+ / f{s)ds > 1 for M > 1. (3.16) 
Jo 



we obtain 



^m^tmrni, .>o. (3.17) 

> M{t) - ^^^^^^1^^ = for d{x) > e{t){x G n) and M > 1. 



By integrating (13. 170 . we have 

rM(t) ^2^,^ 

-ds = t 



M(t) ^2(3) 
M(0) Ks)f{s) 

and taking into account hm^^oo = Cq, we obtain 

^— / -ds<t for M(0) > 1. 

1 + L^O Jm{0) -5 

The last inequality implies that if M(t) ^ oo then t — > oo. 
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Also for < d{x) < e{t){x G we have 
HV) = wM-,ty,^{t))^{t) + y{t) -Aw- jjj^y^, 

= Wf,[y[x,ty,^i(t))^(t) —e(t) — + —f{w) 



dy £2 V ; e dy e^'"^ ' {f^f{V)dxy 

Since > 0, > 0, e{t) < 0, dw/dy > and Ad{x) < for M > 1, we have 

Case2: Now let / be such liminf^-^oo /^(■5)/(s)/s = Ci> 0(Ci < 2) and liminfs^oo S'l-s) > 
C > 0. For this case it is enough to consider e{t) to be constant such that Ac? < for x G i^e. 
Moreover, we choose e to satisfy 

\VL\ne\ ^Ke ^ 1 



V2e\d9.\ Ci C 
For d[x) > e{x G we have 

2\dQ\'^f{M) 



J^{V) > M{t) 

> M{t) 

> M{t) 



\ a|/(M) + em^^^Jj^ f{s)ds - e^\dm^? 
KM)f{M) 

^ ^ V2s\dn\ ^ Jo jy^)"'^ ^ ) 
f-iiM)fiM) 

^^f \n\n,\^f{M) fM rf^,^ _ V2Ksf{M)y/E\2 
^ y V2e\dn\ ^ Jo Jy^)"'^ Ci I 



Since 



which implies 



>M(t) for M»l. 

e2^m^ + J^^f^s)dsY 



f{M),/JI(M) ^ f{M)^/JI(M) 1 ^ ^ 
CF{M) C{1- j^' f{s)ds) C 



I'M 

+ / f{s)ds > 1. 
Jo 



C 

Hence J-'iV) > for d{x) > e and M ^ 1, provided that M{t) satisfies 

• , , a(M)f(M) 
M{t) = ^ t > 0. (3.18) 



By integrating (13.181) . we have 

pM(t) ^2 

-ds = t. 



M(0) Ks)fis) 
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and taking into account (13.121) we obtain 

.Mit) ^ 

-ds < t. 



^2 i-M{t) ^ 



2 J M{0) s 

which imphes that if M{t) oo then t oo. 
For < d{x) < 6, we have 



e dy e^'^ ' {^J{y)dx] 



2 



mim) ^„ 

Therefore, we finally get that, in each case, V{x,t) is an upper solution to problem (13. ip for 
all t > 0. The proof is completed. □ 

Thus we formulate this main result of this Section in the following theorem. 

Theorem 3.4. If f{s) satisfies the hypotheses of Theorem \ 3.1l and Q satisfies (H), then 
u{x,t) is a global-in-time solution to problem liS. 1\) and u{x,t) ^ oo as t ^ oo, i.e. u{x,t) 
diverges globally in Q. 

4. Asymptotic behavior of the blow-up solutions 

In this Section, we deal with the blow-up solutions of problem fll.ll) . 

Theorem 4.1. Let f{s) satisfy mS), f{s)ds = 1, p = 2 andQ satisfy (H). If \ > \* = 
2|5f2p, the solution of the problem U.l\) blows up globally in finite time T . 

Proof. By Theorem 12.61 in the case of A > A* = 2|(9f2p and f{s)ds = 1, there is no steady 
solution to (12. 2p . Since A(yu) < A for any /i > 0, we can find an increasing lower solution 
v{x,t) = w{x; with /i and t>— ^ooast^T<oo. Thus u{x,t) is globally unbounded. 
We shall show that T < oo. Therefore, we look for a lower solution V{x,t) which blows up 
at a finite time ( V{x,t) satisfy (I3.2p — (I3.6p ). From (13.60 and (13. 8p . we have 

f{V)dx= [ f{M)dx+ [ f{w)dx<\Q\f{M) + \dQ\ [ f{w{xi,0'y, fi{t))dxi 
n Jn\n^ Jn^ Js{t) 



< \n\f(M) + m\ej- = V2\dn\f(M)(- 
V 



a 



V2\dQ\ 

on choosing a = e/{y/Jif{M)), where a is a suitable chosen constant; in particular choose 
a > - V2\dn\) for A > A* = 2\dn\\ Such an a gives 

3A = ^ ^ > 0. 

From (I3.13p . we also note that with such a fixed a, e as M oo. Integrating (13.90 on 
(0, r), we get 

F{s) - F{M) e af{M)' 
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For X e ^l\^ls, 

on choosing M < A//(M). 

For a; e f2e, we first differentiate (14.11) with respect to t and get 

f{M) ^ ^ ^ ^Wo ./F{s) - F{M) 

+ -/(M)M(t)[F(ti;) -F(M)]^ / [F{s) - F{M)]-'Us := A + B. 
2 Jo 

For A, from fl3.1ip we have 

f{M) • , , r ds 



A = ~^M{t)[F{w)-F{M)]h 

2f(M) . , 1 , Af(w) 



^F{s) - F{M) 



provided that 

M{t) < ^ 



2M/'(M) 

and taking into account that f'{s) < so that f{w)/f{M) > 1 for w < M. For B we have 

1 

B = -f{M)M{t)[F{w) - F{M)]^ / [F{s) - F{M)]-'Us 
2 Jo 

< \ ^ ' M{t) < ■'^ ' 



fHM) ''-P{M) 
provided that 



M{t) < ^ 



fiMY 

Also, using fl3.5p and fl3.9l) . we have the estimate 

-Aw = -WrAd + ^f(w) < Kwr + ^ f (w) (Usiug \ Ad\ < K) 



K^J2U,,^, , ^,,^,,1 fiw 
^ [F{w) -F(M)]2 + ■"^ 



^K{Mf{M))hf{w) f{w) 



a p{M) a^p{M) 

^ A/H , /H 

since Mf{M) -> as M ^ cx). Thus for x G if 



0<Af(t)=mi„{^, -^^^} (4.2) 
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and using the previous estimate we obtain 



j^iy) =wt- Aw- 



2 



e 



^ 3Af{w) f{w) A/(^) _ 

- f{M) a'P{M) 2|9^]|2/2(M)(A + «)2 

Also V{x,t) = u{x,t) = on the boundary dfl and taking V{x,0) < Uq{x), the function 
V{x, t) is a lower solution to the problem (11. ip . Hence u{x, t) > V{x, t) for M is large enough 
(after some time at which u{x,t) is sufficiently large if T = oo). 

Now we show that u{x,t) blows up in finite time. Indeed, from ( 14. 2p we have 

A = max{/(M), -2M/'(M)} < /(M) - 2M/'(M) (/'(s) < 0) 

or 



/M 
[f{s) -2sf'{s)]ds < oo, 



since Mf{M) ^ as M — > oo and f{s)ds = 1. Hence V{x,t) blows up at t* < oo and 
u{x, t) must blow up at T < t* < oo. 

As for the blow-up is global from the fact 



Indeed, 



/ f{u)dx — » as t — s> T. 
Jo. 



giving 

M{t) - M(0) < / h{s)ds ^ oo as t ^ T. 



This implies f^f{u)dx — as t T since /(s) is bounded. Thus, for A > A* = 2|(9i7p, 
u{x,t) blows up globally. The proof is completed. □ 

Theorem 4.2. Let f{s) satisfy ^M), f{s)ds = 1, p > 2 and Q satisfy (H). Then there 
exists a critical value A* such that for X > X* or for any < A < A* but with initial data 
sufficiently large, the solution of the problem ( fi.il) blows up globally in finite time T. 

Proof. Using Theorem 12. 6^ we know that for A > A* or for any < A < A* but with initial 
data Mo more than the greater steady state u{x,t) is globally unbounded(see[8j). In order 
to prove u{x,t) blows up in finite time T < oo, we also look for a lower solution V{x,t) to 
satisfy O-dM]). Then 

f{v)dx= [ f{M)dx+ ! f{w)dx<\n\f{M) + \dn\ [ f{w{xi,oy,fi{t))dx. 



< Mf{M) + \dn\eJ- = V2\dn\f{M){- 
V 



+ 1 



■V2\dQ\ 

on choosing e = y/JIf{M). From (I3.13p . we also note that £ — >• as M — > oo. 
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For X e ^l\^ls, 



{J^f{v)dx)p - ^^\dn\)pfp-^{M){J^^ + i)p 

<M-j^<0 forM>l, 

on choosing M < 1//(M) and taking into account p > 2 and f{M) — >• as M — oo. 

For X G l^e, similar to the proof of Theorem 14. we have Wt = A + B. For A, from fl3.11l) 
we have 

A = -Q^M{t)[F{w) - F{M)]^ r , 

f{M) I ; ^ ^Wo y^Fi^y^FXM) 



provided that 



For B we have 



/i(M) ^ - ^ ^ - /2(M)' 



2Mf (M)' 



1 

B = -f{M)M{t)[F{w) - F(M)]5 / [F{s) - F(M)]^irfs 
2 Jo 



< \ ^ ' M{t) < •'^ ^ 



provided that 



M{t) < ^ 



Also, using (13. 5p and (13.91) . we have the estimate 



-Aw = -WrM + ^f{w) < Kwr + ^fiw) (Uslug \M\ < K) 



K^/2^,,^, , ^,,^,,1 fiw 

^ [F{w) -F(M)]2 + ■"^ 



< V2K 



P{M) 

{Mf{M)f^f{w) f{w) 
P{M) + P{M) 



since Mf{M) ^ as M cx). Thus for x e Vt^ ii 
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and using the previous estimate we obtain 

A/H 



j^iy ) = wt- Aw 



iJ^f{V)dxy 



e 



^ 4/H \f{w) 

< .0/ , < tor M > 1, 

- P{M) (2|afi|mM)(^ + i)p- 

since p > 2 and f{M) — > as M — > cxd. 

Also V^(a:, t) = u{x,t) = on the boundary dQ and taking V{x,0) < Uo{x), the function 
V{x, t) is a lower solution to the problem (11. ip . Hence u{x, t) > V{x, t) for M is large enough 
(after some time at which u is sufficiently large if T = oo). 

The rest proof is same as the Theorem 14.11 so we omit it here. □ 

Now we will consider the Dirichlet problem, which we rewrite (11.11) as 

Ut = Au + g{t)f{u), X eil, t>0, 
u{x,t) = 0, X e dVL, t > 0, 

u{x, 0) = uq{x), X eVL, 

where g{t) = A/ {f^ f{u)dxy, Q is defined as Theorem 12. 6[ 

We seek a formal asymptotic approximation for u{x,t) near the blow-up time T, still 
taking / to be decreasing and to satisfy f{s)ds = 1. Set M{t) = max^g^ m(x, t). 

As in [6], we obtain that lim^^T 5'(^) = oo and u{x, t) ^ M except in some boundary layers 
near dfl. In the main core(outer) region we neglect Au, so 

— ~ g{t)f\M) 

and significant contributions to the integral f{u)dx can come from the largest (core) region 
which has volume ~ |i7|(contribution~ |f2|/(M)) and from the boundary layers where / is 
large, f{u) is 0(1) where u{x,t) is 0(1). If the boundary layers have volume 0{6), for some 
small S, then to obtain a balance involving Au, either = 0{g) or 5"^ = 0((T — 1)~^), 
whichever is the larger, see [8j. 

Supposing that g(t) <^ (T — for t — T the contribution to the the integral from the 
boundary layer is 0{6) = 0((T — t)^^, whereas 

[ f{u)dx = 0{g{typ) ^ {T -t)v > (T -t)^ as t ^ T. 
Jn 

This suggests that the core dominates and 

[ f{u)dx ~ mf{M). 

Jn 

Then 



q(t) , f(M) ~ — (-)i 

and 

dM 1 1 p-i i-p 

— ^g{t)f{M)^—Xvg—<^{T-t)— for t-^T. 
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This would indicate that M is actually bounded as t T. Contradicting the occurrence of 
blow-up. 

Next we suppose that g{t) = 0{{T — t)^^^ for t T. Since 

< / f{u)dx = {-)K 
Jn 9 

we must have f{M) < 0((T — Again, 

dM , i-Px 

^~^(t)/(M)<0((T-t)-), 

which contradicts the assumption of blow-up. There remains only one possibility: 

git) > (T - ty^ for t T. 

The boundary layer has volume 0((7(t)^5) ^ (T — t)^, where u{x,t) is 0(1) and Ut is 
negligible compare to Am. There has to be a balance between Am and g{t)f{u), that is , 

-Au^ g{t)f{u). 

Without loss of generality, we assume that the hyperplane {x G i?" : Xi = 1} is tangent to Q 
at yoivo = (l)O')), and Q lies in the half-space {x : Xi < 1}. Writing xi = ^ — y/y/giy/y/g ^ 
1) gives 

'-Uyy{{y,0')) ^ f{u{{y,0'))), y > 0, 

m((|/,0')) =0, y = 0, (4.3) 

u{{y,0')) >l>nj,((y,0')), y>l. 

Multiplying both sides of (14. 3 p by Uy[{y, 0')) and integrating, we get 

Mj((y,O0)~2F(n((y,O0)), 
where F{u{{y,0'))) = X,7(^o')) f^^")^^- Integrating again gives u{{y,0')) ~ U{y), where 

rUiy) ^ 

V2y= / F-2{s)ds. (4.4) 
Jo 

Since ?/o is arbitrary, it follows from (14.41) that the boundary layers contribute to a total 
amount 

/ f{u)dxr^\dn\ f{u{ix^,0')))dx,r^^-^ r f{U{y))dy, 

Jd{x,dn)<y/^ Jxi yd Jo 

this is automatically of the correct size g(t) = X/{J^ f{u)dxy. It should also be observed 
that 



f{U{y))dy = U'iO). 

Looking at the following steady problem 

w" + fif{w) = 0, -l<x<l; m;(±1) = 0. 
Set M(/i) = max_i<a;<i w{x) = w{0) and x = 1 — y/ ^/JI, then 
d'^iii dm 

^ + /(m;) = 0, w{0) = 0, -^\y=v-, = 0, w{^) = M. 
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From Lemma [2.51 (in case of n = 1), we have 

,i,„ = V2. 

fj.-'oo ^JJi dx 

which imphes 

lim ^ = V2. 

ij.-> oo ay 

and it appears that the problem in hmit of large fi is the same as the asymptotic problem 
(USD. Thus, 



r f{U{y))dy = U'iO) = lim ^ = V2. 
Jo dy 



We deduce that the contribution to f{u)dx from the boundary layers~ \/2\dVL\l 
Now 

/ f{u)dx^\n\f{M) + V2\dn\/^ 

Jn 

and 

g ^ for t^T(g,M ^ oo). 

{m{M) + V2\dn\/^)p 

We see that 

~ ghmiM) + V2\dn\/^) = m{M)g-v + V2\dn\g"-^, 

i.e., 

(I) Ifp^2,then/(M)^ ^-g^^' . 

(ii) Ifp>2, then /(M)~^(-)^. 
Therefore, in the core region u{x,t) ~ M which satisfies 

^~jW/(M)~j^ .f P = 2. (4.5) 

where Ai = {VX - V2\dn\)/\n\, and 

^~9W/(M)~7^ itp>2. («) 

where Aa = A/jr^p. 

Remark 4.1. By (14.51) and (14.61) . we obtain that the significant contributions to integral 
f{u)dx come from the largest core region and the boundary layers where / is large if 
p = 2, but the core dominates for p > 2. 

Let us consider two examples. 
Example 1. Suppose /(s) is decreasing, Jq°° f{s)ds = 1, /(s) ~ B/s^^'^ as s — oo for some 
positive constants b and B. 

For p = 2, 

dM Al 
'df^JiM)' 
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which imphes 



For p > 2, 



M^(^)-i(T-ri 



dM A, 



^2 



dt fP-\M)' 
which follows that 



M ~ (• (llL^)(^_l) -A2) i-(i+M(p-i) (T - t) . 



BP- 

Example 2. f{s) = e~*. 
For p = 2, 



dt e-^' 
which implies 

M~ -ln(r-i) -21nAi. 

For p > 2, 

dM A2 

that is, 

M ~ In ((p - 1)A2) + ln(T - i). 

1 — p 1 — p 
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